INEQUALITIES INVOLVING ut2 WIRTINGER'S INEQUALITY AND RELATED RESULTS
In the following it will always be assumed, unless there is an explicit remark to the contrary, that u(x) belongs to the class C' of continuously differentiable functions. The domain of definition will be clear from the context.
Let P(u, X) and G(u, X) be continuously differentiable for x in [a, b] and u in the range of the function U(X). (These conditions are perhaps unnecessarily restrictive, but we shall not be concerned here with the weakest possible hypotheses.) It is further assumed P(u, x) > 0. We apply the method as follows is satisfied. Inequality (1) has many interesting applications by specializing the functions P and G.
Generalization of Wirtinger's Inequality
Let u be periodic of period L. Let m = inf U(X) and M = sup u(x), and let x1 and x2 be such that 0 < x2 -xi <L and u(xr) = m, u(x2) = M. In (1) put P(x) = 1 and G(u, x) = f j ((M -u) (u -m))li2 du.
We have, using the positive sign, 
Putting (2) and (3) together we have
with equality only if u'a = (M -u) (u -m). We leave it to the reader to show that this implies u(x) = A sin (x + CX) + B for suitable choice of A, B and 01, and hence that L = 2x. If we specialize (4) by assuming that L = 2a we obtain
The further assumption s,"" u dx = 0 leads to
The inequality which results if we replace the right-hand side of (6) by zero is known as Wirtinger's inequality.
Problem
Use the methods of 2.1 to show the inequality:
I ;(zP + (A4 -u)w (m -24)") dx 2 4(M -m>e#+l II@ + 1) UP + 1)
where u is subject to the same conditions as in 2. We use a standard proof [I, p. 1861 of the isoperimetric inequality, but in place of Wirtinger's inequality we use (6). The result which is obtained is the following. Thus the area becomes augmented by an amount not less than the area of a circle of radius d if C is replaced by a circle of circumference L.
Example
We shall obtain a well-known inequality which is closely related to Wirtinger's inequality by means of two quite different choices for G in (1) .
Let u(x) be continuously diferentiable in In (1) put P 5 1 and G(u, x) .= 4 Sg(x), where g(x) is assumed continuously differentiable, to obtain a useful generalization of (7): 
Generalization of Weyl's Inequality
In (8) we may replace g(x) by ,ug(x) where p is any constant. Consider the discriminant of the resulting quadratic expression in p. We have
(12) a a a
If we put g(x) = x, a = 0 and let b tend to infinity, we obtain Weyl's inequality (j;Pdx)a <4 j;xQ"dx j;u'"dx, 
and that equality obtains if and only if the differential equation u'(x) = g(x) u(x) is satisfied.
2. Show that if a < b and u E C' then for any real A, dx > + h(e-Abu(b)2 -e-%(a)").
Show that the coefficient of us cannot be replaced by a smaller number.
Solution. Use (13) with p(x) = e-A= and g(x) = h/2. Solution. Consider the discriminant of the quadratic function of X in the preceding problem.
INEQUALITIES INVOLVING HIGHER POWERS OF u'
A number of inequalities are based on the simple algebraic fact that the polynomial qan(x) = x2* -2nx + 2n -1 is non-negative for all x for any positive integer n. Further, q2Jx) has a double zero at x = 1 and no other real zeros.
Let us assume that U(X), P(u, x) and G( u Y are continuously differentiable, , ) just as in Section 2, and P(u, x) > 0. Because q&x) 3 0, we have pU'Pn + (2fi -1) P-1'(2n-1)G~'t2n-1) + 2nG, > 2n(u'G, + G,)
Integrating both sides we have
where equality obtains only if the differential equation
is satisfied. One sees that (14) is a generalization of (1). We shall study a few special cases of (14).
Putting in (14), P = 1 and G@, x) = "2"r-1 , where g(x) is continuously differentiable on [a, b], we obtain a generalization of (8):
with equality if and only if U' = z&x).
If we put P = 1 and G(u, x) = Jf(~)~+l du we obtain 
Solution.
Use (15) with g(x) = (1 -(1/2n)) x-l. In order to have equality, we must have u' -= uxu for some 01, which gives u = A exp (~3/2), the same class of functions for which equality holds in Weyl's inequality.
Generalization of (4)
.
INEQUALITIES INVOLVING d
Throughout this section it will be assumed that u belongs to C2, the class of twice continuously differentiable functions. Let P(u', II, x) and G(u', u, X) be continuously differentiable and P > 0.
Apply the method as follows: Solution. Use (17) with P E 1 and G = uf3/9u.
5. Let G(u', u, x) be continuously differentiable and u E P. Show
with equality only if u" = G:!'2"-1'. Find a generalization of (18) for higher derivatives. 
INEQUALITIES FOR FUNCTIONS OF SEVERAL INDEPENDENT VARIABLES
Many of the inequalities of the preceding sections may be generalized to the case of several independent variables. 5.1. Generalization of (1) . Let D be a domain in E, with sufficient regularity so that the divergence theorem can be applied. Let u(xr ,..., x,J = u(x) be real valued continuously differentiable on ij, the closure of D. Let G(u, x) be continuously differentiable into E, for x in D and u in the range of u(x).
Let P(u, x) be a real valued, positive, differentiable function. Let V denote differentiation with respect to x; let aD be the boundary of D; and let n be the unit outward normal of D.
We apply the method as follows: aD. Let G(u, x) E C' such that for any u, G(u, x) is a tangent vector field to D. Let 
